Pulsed lasers offer significant advantages over CW lasers in the coherent control of qubits. Here we review the theoretical and experimental aspects of controlling the internal and external states of individual trapped atoms with pulse trains. Two distinct regimes of laser intensity are identified. When the pulses are sufficiently weak that the Rabi frequency Ω is much smaller than the trap frequency ωtrap, sideband transitions can be addressed and atom-atom entanglement can be accomplished in much the same way as with CW lasers. By contrast, if the pulses are very strong (Ω ωtrap), impulsive spin-dependent kicks can be combined to create entangling gates which are much faster than a trap period. These fast entangling gates should work outside of the Lamb-Dicke regime and be insensitive to thermal atomic motion.
ions and mode-locked laser pulses.
48
From a technical standpoint, the large bandwidth in- The qubit is identified with the two mF = 0 states in the ground state manifold. Continuous wave 369 nm light is used for cooling, detection, and optical pumping. Laser pulses at 355 nm are used for qubit manipulation, driving stimulated Raman transitions between the qubit levels from σ± polarized light.
to the case of qubit levels separated by optical intervals, 83 but for concreteness we will concentrate on qubits stored 84 in hyperfine or Zeeman levels in the ground state of an 85 alkali-like atom.
86
In order to effectively use laser pulses for qubit control, 87 we require three frequency scales to be well separated.
88
Let τ denote the pulse duration. The pulse bandwidth 89 1/τ should be much larger than the qubit splitting ω q 90 so that the two qubit levels are coupled by the optical 91 field, yet it should be much smaller than the detuning ∆ 92 from the excited state so that it is negligibly populated 93 during the interaction. Note also that the detuning ∆
94
should not be much larger than the fine structure split- external degrees of freedom of optically-coupled qubits.
105
The qubit levels are defined by the m F = 0 states of the [33].
113
We consider optical pulses generated from a mode- 
where ω q is the qubit splitting,σ z,x are Pauli spin op- 1-2% correction to everything presented here.
177
The qubit Rabi frequency can therefore be written as:
where θ = Ω(t)dt is the pulse area. waist of w = 10 µm, we find E π ∼ 12 nJ.
190
The Hamiltonian of Eq. 1 and 2 for the hyperbolic secant Rabi frequency envelope in time was solved exactly by Rosen and Zener[36] . For the purposes of this analysis, we are not interested in the dynamics during the pulse, but only the resultant state after the pulse. The evolution operator for a pulse followed by free evolution for a time T is given by [37, 38] :
where A and B are given by:
(5)
where Γ(ξ) is the Gamma function. For a fixed value of θ, 191 this evolution operator can be written as a pure rotation 192 operator:
where the rotation axisn and rotation angle ϕ are given by:
The equivalent pure Bloch sphere rotation is shown in 
If the ion is initialized to the state |0 , then the transition probability after N pulses is given by:
To understand the behavior described by the above equations, first consider the limit of an infinitesimally short pulse: τ = 0. In that case, equation 5 and 6 become:
(14)
If the time between pulses satisfies the condition:
then equations 9, 10, and 11 show that ϕ = θ, n z = n y = 199 0, and n x = 1. In this case, the action of each pulse is 200 rotation about the x-axis, by an angle equal to the pulse 201 area. Equation 13 then becomes:
This equation shows that the behavior is discretized Rabi
203
flopping.
204
Now consider non-zero pulse duration. Equation 13 205 shows that for N = 1, the transition probability reduces 206 to:
Therefore for a single pulse, the maximum population Ion state is measured as a function of incident pulse energy. The transfer probability reaches a maximum given by equation 18. The two different datasets correspond to two different lasers with different pulse durations. The fit to the data show that those pulse durations are 14.7 ps (circles) and 7.6 ps (squares). These points are indicated on the plot in (c). (e) Two identical pulses separated by an appropriate delay can fully transfer the population. Each pulse has sufficient energy to rotate the state to the equator of the Bloch sphere. The appropriate delay is approximately the qubit cycle time 2π/ωq. It is slightly smaller due to the off axis rotation caused by the Rosen-Zener dynamics. (f) Data showing the effect in (e). As the delay between the pulses is scanned, the transition probability goes from 0 to 1. The maximum is less than one due to detection errors. is less than one due to detection errors.
258
To demonstrate pure phase rotation, the delay between 
B. Weak Pulses

278
In the above section, the pulse area was large, such that 279 a single pulse had a significant effect on the qubit state. Pulse Area (Each pulse)
Microwave Detuning (kHz) 
where
The net twophoton Rabi frequency from the frequency comb is therefore
where n is the number of comb teeth spanning the qubit Rabi frequency is related to the rotation angle ϕ by:
Equation 13 also shows that full contrast requires sin 2 (ϕ/2) = B 2 , which is equivalent to the condition that the comb is driving the transition on resonance. This relation becomes:
The second line follows from the small angle approxima- 
344
In addition to the resonant beat note at the qubit frequency, there will also be many beat notes at integer multiples of ω rep away from the qubit frequency from the multitude of comb teeth splittings. These other beat notes will lead to a shift in the qubit resonance and can be thought of as a higher order four photon AC Stark shift. From Eq. 22, the strength of the beat note at jω rep is characterized by its resonant Rabi frequency Ω j ≈ Ω 0 sech(jω rep τ /2). The net four photon Stark shift is then a sum over all nonresonant beatnotes, may be difficult to achieve in practice, and in any case 
373
Including an offset frequency ω A between the two 374 combs, the condition for driving transitions now becomes:
In order to allow for the possibility of spin-dependent 377 forces in a counter-propagating geometry, we exclude the where the repetition rate is directly stabilized.
383
The Rabi frequency for the case of two offset combs is 
whereω A = ω A (mod ω rep ), and σ ≡ω A /ω rep is the frac- ion-pulse interaction becomes:
where θ is again the total pulse area, t 0 is the arrival 
where φ 0 is assumed to be constant over the course of one experiment. Equation 32 can be directly integrated to obtain the evolution operator for a single pulse arriving at time t 0 :
where J n is the Bessel function of order n, D is the coher- rated by free evolution:
where t n is the arrival time of the n th pulse, and U FE (T ) 469 is the free evolution operator for time T , given by:
Let the total pulse train area be given by Θ, so that 
Without loss of generality, assume t 1 = 0. Transforming to the interaction picture, U t k becomes: Under this transformation, the interaction picture pulse 476 train operator becomes: 
The pulse train operator is now a product of identical operators:
For a total pulse area of Θ = π, Equation 45 becomes:
This is a spin-dependent kick operator. This shows that if the following conditions are satisfied: 99.9% fidelity after only 8 pulses. 
521
This is a separate requirement imposed on the pulse ar-522 rival times. Indeed, there will also be higher order cor-523 rections, further suppressing unwanted terms.
524
In order for the approximation ω trap ≈ 0 to be valid, we performed a Ramsey experiment using microwaves.
550
The experimental sequence was: (1) Initialize the spin 551 state to |0 , (2) Perform a π/2 rotation using near reso- 
562
The motion should disentangle when T delay matches an 563 integer multiple of the trap frequency. regime, the following approximation can be made:
where a and a † are the harmonic oscillator annhilation and creation operators. Substituting this approximation into equation 39 yields:
There are now six phases to consider, associated 577 with six different operators: e iq±t k , e i(q±+ωtrap)t k , and In that case, equation 51 becomes:
As in the fast regime, the pulse train operator in equa-586 tion 41 is now the product of identical operators, and 587 converges to:
This is Rabi flopping on the blue sideband. Similarly, the 589 other resonance conditions correspond to red sideband 590 and carrier operations. This behavior is shown in figure   591 12(a). , Ω ωt, and sidebands transitions are clearly resolved. As the pulse train power is turned up and the Rabi frequency increases, the lines begin to blur together. In (e), no features are resolved at all, meaning all sidebands are being driven.
We previously reported in [9] on using pulse trains 593 to do resolved sideband operations, as described above.
594
There we demonstrated sideband cooling and two ion en- 
IV. ULTRAFAST GATES
613
The goal of creating spin-dependent kicks of the form 614 in equation 46 is to execute a fast two ion entangling gate. these two configuration is:
where e is the electron charge, d is the distance between 
670
The fidelity of the phase gate described above is limited 671 by free evolution in the trap. Because the gate is not truly 672 instantaneous, there will be a small amount of residual 673 entanglement with the motion at the end of the process.
674
This infidelity can be eliminated by more complex kicking 675 sequences, described below. We can determine the evolution of a coherent state |α 682 subjected to the kicks described above. For simplicity in 683 this example, we will treat the ground state α = 0. The phase for a given mode is given by:
The phase difference between the two modes is thus given by:
where ω C and ω R are the frequencies for the center of In the rotating frame the direction of the spin-dependent kick rotates at the normal mode frequency. (c) Depiction of kick sequence. The ion is kicked 10 times by ten successive laser pulses with 12 ns of trap evolution between each kick. The ion then evolves in the trap for t1 = 212 ns then kicked 10 more times. After a wait of t2 = 299 ns the sequence is reversed with 10 kicks in the opposite direction, free evolution for t1 and a final 10 kicks to return the ions to their original position.
pulses to continue to add momentum to the system. After Figure 15 shows the path in phase space for 775 both the center of mass and relative modes.
776
The scheme presented in figure 15 is In section III, equation 35 was derived by approximating the pulse as a δ-function. This section examines the validity of that approximation. The pulse duration is of order 10 ps, meaning it is several orders of magnitude faster than the trap frequency or the AOM frequency. Therefore, the Rosen-Zener solution in section II can be
